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Abstract

We present a model to describe the physics of chemoreception in processes determined by competitive ligand
binding. Our model describes the competition between various populations, such as ligands vs. blockers and receptors
vs. decoys, in protein activation when diffusion is rate-determining. Full spatio-temporal solutions can be obtained
numerically. The model structure is kept simple enough as to permit its easy generalization to describe a large subset
of the manifold of possible situations occurring in nature. The power and simplicity of the proposed method are
exhibited through the solution of several examples which are discussed in detail. © 1999 Elsevier Science B.V. All

rights reserved.
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1. Introduction

The occupation of receptors located at cell
surfaces regulates a multiplicity of biological
processes [1,2]. There is an enormous diversity of
receptors, which may be distributed at random on
the cell surface or concentrated in specific re-
gions. The occupying ligand is an ion or a molecule
that diffuses into the fluid surrounding the cell. It
may originate at a distant organ, a neighboring
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cell, or, in the case of autocrine ligands, in the
target cell itself [3]. It works as a molecular
messenger that signals the triggering of a
biochemical process in the cell.

The activation rate may be limited by the bind-
ing itself, by diffusion, or by a combination of
both processes. For instance, acetylcholinesterase
appears to be a purely diffusion-limited enzyme
[4], and diffusion plays a crucial role in the cal-
cium signaling in smooth muscle cells [5], while its
role in the discharge of neurotransmitters in fast
synapses is still controversial [6]. The effects of
finite ligand diffusivity in the medium surround-
ing the receptor were studied in the pioneering
work of Berg and Purcell on the physics of
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chemoreception [7]. Later, Brownian dynamics [8]
and Monte Carlo [9] simulations have been used
in the numerical analysis of these problems.

Since it deals directly with occupation probabil-
ities, our approach is different, being closer, for
instance, to that of Axelrod and co-workers
[10,11]. From the experimental point of view, such
methods as fluorescence photobleaching recovery
[12] and single-particle tracking [13] can be used
to examine the kinetics of diffusion and reaction.

Cell responses can be inhibited by the (natural
or exogenous) addition of molecules that inter-
fere with the ligand binding. These molecules can
be roughly classified into two groups:

1. Blockers, which may occupy the ligand bind-
ing sites, hindering the access of a true ligand
to the receptor. They may also bind to other
sites and cause conformational changes in the
receptor that decrease the ligand binding
probability. A case in point is the recently
discovered blocking of HIV penetration into
T cells due to the binding of certain
chemokines to the CCRS5 co-receptor [14];
and

2. Decoys, which are alternative receptors capa-
ble of offering binding targets that trap the
ligands without triggering the desired re-
sponse, thus decreasing the activation rates
[3,15].

The possibility of predicting the effects of the
introduction of competing species has obvious
biological and pharmacological applications. It
could be desirable, for example, to ascertain the
characteristics of an optimum blocker or decoy. It
is therefore of interest to have a model that
embodies the crucial features of binding in a
complex environment. We have developed a very
simple model that accounts for some key factors
determining activation rates in the presence of
competing populations. To formulate the model,
we set forward the following requirements:

1. It must describe population competition:
blockers competing with ligands and accep-
tors competing with decoys. This interaction
between the populations will be expressed

through the coupling of the equations that
describe the relative populations.

2. It must be capable of describing the full spa-
tio-temporal evolution of the system. Spatial
inhomogeneities may be due to the initial
conditions or to the local variations generated
by trapping. The model should not be con-
fined to describing well-mixed or steady-state
situations.

3. It must be kept as simple as possible, so that
it may be easily interpreted and generalized.
It should be adaptable with minimum work to
a range as wide as possible of realistic situa-
tions.

In Section 2 we put forward our master-equa-
tion based model. The model is amenable to
analytical solutions in the reaction-limited case.
These solutions, which help us to better under-
stand the numerical results obtained for the more
complicated cases, are presented in Section 3.
Numerical solutions for several cases of interest
are discussed in Section 4. Finally, Section 5
contains the conclusions and some suggestions for
future work.

2. The model

The diffusive space of the competing species is
partitioned using a two-dimensional lattice, with
periodic boundary conditions. Each lattice site
(i,j) represents a volume element that will gener-
ally contain many diffusing particles. These parti-
cles will be assumed to be non-interacting, except
when they are at a binding site, which can be
occupied by a single particle. The restriction of
diffusion to a two-dimensional space is not a
limitation, except when it is necessary to analyze
the competition between two- and three-dimen-
sional processes [11,16], or in the case in which
one of the species diffuses on the surface while
the other diffuses in the bulk.

The diffusion space is populated by N species
that compete in order to bind to the receptor
sites. We assume that a protein is activated if and
only if M receptor sites are simultaneously occu-
pied by particles belonging to the species / (the
‘ligands’). Binding by any of the other (N —1)
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species (the ‘blockers’) to a single site blocks
ligand binding. Of course, in a practical problem
it may be required that two different ligands bind
to two different sites on a protein to generate
activation. Extension of our model to such cases
is straightforward and will be omitted here. The
protein locations will be indicated by the indices
(1,J). For simplicity, we will consider that there is
at most one protein at any lattice site.

We will also assume that a ‘decoy’ species may
coexist with the proteins, and that it is able to
remove ligands from the diffusion space, making
them unavailable for the activation process. In
this section, we assume that each decoy contains
K sites that can bind one particle each. In a later
section we will consider multiple binding to a
single decoy site. Although this decoy may also be
a protein, we restrict the usage of the name
‘protein’ to the species whose activation proper-
ties we are studying. The decoy locations will be
indicated by the indices (R,S). More decoy types
can be trivially added.
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The free concentration of ligand species m, [,,,,
satisfies a system of coupled master-like reac-
tion—diffusion equations,

LGjs)=A, Y113 j ) =1, Ljs)]
i'j’

— O(i,js1), (1)

where A, is the diffusion rate of species m and
the sum over primed indices runs only over the
nearest neighbors. The reactive part accounts for
binding and unbinding at the protein and decoy
receptor sites,

M
O, j;t) = 261'15,'1 Y B30
LJ h=1

K
+ 2 8k 85 x D,glk)(R,S;t), 2)
RS S k=1

Here P (1,J;t) is the probability of occupation
by species m of binding site 4 on the protein
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Fig. 1. Protein activation in the blocker-free case with: (a) ligands uniformly distributed at ¢ = 0; (b) ligands released at a distance
r =8¢ from the protein. For both plots n = 50, y=T = 0.1, except that n = 150 for curves (2), y=0.2 for curves (3) and T’ =0.02

for curves (4).
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located at (1,J) and D{* (R,S;t) is the probabil-
ity of occupation by species m of binding site k

on the decoy located at (R,S). The protein occu-
pation probabilities satisfy the equations,

B T3t) = y[1 — e~ n0Ji0]

X

N
1- Y P,f”)(l,f;t)}

n=1

—TWPI(T I;t), 3)
with y and T being, respectively, the absorp-
tion and desorption rates for species m at binding
site 4. We have included the factor [1 — exp(—1,,)]
because the binding rate must be proportional to
the ligand concentration at low concentrations,
while it is likely to saturate at higher concentra-
tions. The factor [1 — X P] is added to exclude the
possibility of multiple binding to a single site. The
decoy occupation probabilities satisfy an analo-
gous equation,
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DO(R,S;t) = 80 X [1 — e~ In(RS0]

N
x|1=Y DO(R,S;t)

n=1

— AODE(R,S;1). 4
Here §% and A% are, respectively, the absorp-
tion and desorption rates for species m at decoy
binding site k. The initial conditions will depend
on the particular problem under consideration.
At the start of the binding process the ligands and
blockers can be uniformly distributed or can be
injected into one or more specific locations. Addi-
tionally, we could have a situation in which there
is a continuous input of one or more of the
involved molecules.

We are neglecting correlations between differ-
ent binding sites. Sometimes, binding to one site
will cause a conformational modification that will
affect binding to a different site. If this effect is
present, a term including the intersite coupling
should be introduced into the model. This should
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Fig. 2. Non-linearity of peak activation L = L(T,,) vs. ligand number 7 for three different cases: (1) y=0.5, I'=0.1; (2) y=0.5,
I'=05; (3) y=0.1, I'=0.5. (b) Non-linearity of L vs. binding rate y for (1) n =30, (2) n =20, (3) n=10. The dashed lines

represent the corresponding linear approximations.
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be done on a case-by-case basis and we omit all
further discussions here. Since in our approach
the binding sites are considered independent, the
probability of activation by the ligand species m
for the protein located at (1,J) is given by

M
AL = T PW(ILT;t). Q)
h=1

To write this equation it was assumed that the
active state (e.g. a channel that is open) persists
while all the receptors are occupied by ligands
and ceases when one is released. Other possibili-
ties can be considered; for example, a reaction
may be triggered as soon as all receptors in the
protein are occupied, and whatever happens later
may then become irrelevant. Eq. (5) should be
suitably modified to account for the peculiarities
of the problem.

3. Analytical results
3.1. The one ligand, one blocker problem

In general, the set of Eqs. (1)-(4) can only be
solved numerically. However, we can find analyti-
cal solutions in some simple cases, e.g. when
activation is reaction-limited; these solutions help
us to understand the numerical results obtained
for more complex cases.

We consider a decoy-free problem, in which we
have a competition only between a ligand species
(m =1) and a blocker species (m = 2). For sim-
plicity, we also take M = 1. If the diffusivities are
high enough, binding will be reaction-limited. We
can then assume that by a certain time 7, the
molecular concentrations in the protein neighbor-
hood will have reached approximately their equi-
librium values /, ... We also consider a single
protein at a time and eliminate the indices (1,J).
Calling L=P, B=Py, l,, =1, ,ps by =154 v=
Yy, T=TH, 3= and T =T%Y, and writing
a=[1- exp(—leq)] and a=[1- exp(—beq)], we
are left with the equations

L(¢) = ya[1 — L(¢t) — B(t)] = TL(¢) (6)
B(t) =%all —L(t) - B()] - TB() @)

These equations can be combined to obtain a
single inhomogeneous differential equation for
L(1),

() + (T + T+ ya + ya) L(t)

+(IT +ayl +@3T)L(1) = ayT". (8)
The solution to this equation has the form,
L(t)=L,,+Aexp(—0,1) +A,exp(—6_1), (9)
where it is easy to find L, , 6., and 6_ in terms
of the model parameters. Both 6, and 6_ are

>0. We only give here L., the equilibrium
concentration of the bound ligand:

L = ) (10)

We see that L,, = 1if I' =0 (i.e. if ligand binding
is irreversible) and L,, = 0 if ' =0 (i.e. if blocker
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Fig. 3. Effect of blockers on protein activation for different
sets of parameters. (1) y=0.1, ' =0.5; 2) y=0.1, [ =0.5

(but with a different number 7 of blockers, as explained in the
text); (3) ¥=0.5, T =0.5; (4) y=0.1, T =0.1.
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binding is irreversible). The protein activation
rate in this case is simply given by A(¢) = L(¢).
The constants A4, and A4, in Eq. (9) can be found
using the initial conditions. For instance, if the
binding site is known to be free at t=0, the
initial conditions are L(0) = B(0) =0.

From Eq. (10) we also see that it may well be
useless to add blockers beyond a certain ‘satura-
tion’ value. In fact, if the blocker concentration is
very high, @ =1 and the equilibrium activation
saturates at the value A, =1+ I'/ay+
¥T /ayD)~'}.

The blocker-free limit can be obtained by tak-
ing ¥=0. Then,

__ay
L=Tray (11)

In this case, the time-dependence of the bound
ligand concentration is given by,

L(t) = =2

_ o= (ya+T)t
F+a’y[1 e V7 1. (12)

3.2. The one protein, one decoy problem

We now consider a blockers-free case, in which
we have competition between one protein and
one decoy. Both species can absorb ligands, but
only the protein can be activated, leading to bio-
logical processes. In this section we discuss a
‘protein-like’ decoy, i.e. a decoy whose occupation
probability satisfies Eq. (4). Relating the probabil-
ity I(¢) that the ligands remain free and the
probabilities L(¢) and D(¢) that the ligands are
bounded to the protein and to the decoy, respec-
tively, we find

L(t) = yal(t) —TL(1), (13)
D(t) = ypal(t) — T, D(1), (14)
and

[(t) =TL(t) + T, D(t) — (y + yp)al(t). (15)

Here vy, and I';, are, respectively, the binding and

unbinding rates at the decoy. From Egs. (13),(14),
and assuming ligand number conservation, we can
easily obtain the equilibrium activation,

A, =L !

«a” " 14T Jay+ (Typ)/(yI,) (16)

This equation shows that decoys are effective if
(Typ)/(yTp) > 1.

3.3. Multiple-trapping decoys

As mentioned in Section 2, several decoy types
can be considered. Here we briefly discuss two
kinds of decoys that are capable of simultaneous
multiple ligand trapping. We will call them ‘tank-
like’ and ‘macrophage-like’ decoys. A tank-like
decoy acts as a molecular reservoir, i.e. it can
capture ligands with a rate that depends on how
much it is already occupied, while its ligand re-
lease rate I', is small and constant. Macrophage-
like decoys can accept ligands as tank-like decoys
but the unbinding rate I';, becomes active starting
from a certain time g, which can be defined by
the equation D(tz) =D, where D is the decoy
occupation at which binding becomes reversible.
Then we can write the following equation for the
macrophage-like decoy occupation probability,

D(t) = yply (e PO — T, (1) D(1), (17)

where / is a saturation constant and [, is the
free ligand occupation probability at the decoy
location. The time-dependent release rate I, is
given by

[, (1) = T[1 — e %= ®]9(r — 1). (18)

Here 6(x) is Heaviside’s step function and k
controls the release speed. For tank-like decoys
we simply take T,(¢) =T, in Eq. (17). The equi-
librium decoy occupation D,, is always given by
the solution to the transcendental equation,

D, = (yp/T )l e "Pe. (19)
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Fig. 4. (a) Influence of the initial spatial distribution of blockers and ligands on the protein activation rates. The various cases are

shown in (b), where full dots, crosses and diamonds represent, respectively, the locations of the protein and the ligand and blocker
input sites.
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Fig. 5. Protein activation as a function of 7 (a) at the peak, (b) asymptotic value. The parameters are y= =T =1 =0.1 and (1)
n = 2000, (2) n =1000. Dashed and dotted lines represent the corresponding analytical evaluations.
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4. Numerical results

The numerical technique, which we apply to
the solution of the general problem outlined in
Section 2, is based on the Local Interaction Simu-
lation Approach (LISA). The method LISA is
particularly suitable for parallel processing and
has been successfully applied to several problems
of diffusion, absorption, growth and wave propa-
gation, see e.g. [17-20]. After a time discretiza-
tion (space has been already discretized in Sec-
tion 2) we obtain from Eq. (3)

PM(t+ 1) =P(1)

+ T{y,},’”[l — o]

N
x|1- Y% Pn(h)(t)} - F,;h)P,ﬁh)(t)}
n=1
(20)
0,25 ~
L 5 A)
0,20 |
0,15 +
0,10 |
0,05 |
0,00 " I N 1 ]
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t

where we have omitted the (I, J) variables and
introduced the time step 7.

As a first application of our model, we investi-
gate how an inhomogeneity in the initial ligand
distribution affects the activation rate. Fig. 1
shows the results obtained when no blockers are
present and n ligands are: (a) uniformly dis-
tributed over the diffusion space at ¢ = 0; and (b)
initially injected at a point located at a distance
r=38¢€ (€ is the space discretization step) from
the protein. In the former case, since the initial
distribution is already uniform, after some time
needed for the ligands to activate the protein, a
steady state is reached. In the latter case the
ligands start diffusing through the whole lattice,
reaching a maximum concentration in the protein
site at a certain time ¢,,. Shortly afterwards, at a
time 7,,, the corresponding maximum is obtained.
At later times the protein activation decreases
due to outgoing diffusion, which brings the lig-
ands concentration at the protein site to an
asymptotic value, as in case (a). The time ¢, may
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Fig. 6. Effect of blockers on the protein activation for different values of T a: (1) T'=0, (2) T' = 0.04, (3) T = 0.05004, (4) ' = 0.06,
(5) IT'=0.1; b: (1) T =0.04904, (2) T'=0.05004, (3) T = 0.05104. The other parameters are n =500, 7= 1000, y=T = 0.1, and

7=02.
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be calculated from the solution of the diffusion
equation for cylindrical symmetry [21]: ¢, =
r2 /4 ); for the parameters used in Fig. 1 ¢,, = 160
a.u. The time 7,, > ¢, depends of course on the
interplay of the binding—unbinding rates y and I'.

The protein activation is obviously an increas-
ing function of n: for small ligand concentrations
this function should be linear. In fact (see Fig.
2a), the peak activation L = L(T,,) grows linearly
at first, but then saturates. I is maximized by
choosing values of y (I') as large (small) as possi-
ble. Increasing y the non-linear behavior of L
starts later for smaller values of n (see Fig. 2b).

The effect of the introduction of one blocker
species is analyzed in Figs. 3—7. For these figures
we choose the diffusivities of both ligands and
blockers to be 0.1. In Fig. 3, 250 ligands and 250
blockers are injected at a distance r =5€ from
the protein and, in addition, 2000 ligands and
2000 blockers are also injected at a distance r =
15€ for all curves, except that in curve (2) the
number of injected blockers is five times larger.
The other parameters are y=y=0.1,I" = =05,
except that %= 0.5 in curve (3) and T'=0.1 in
curve (4). Our particular selection of parameters
gives rise to two activation maxima in curves (1)
and (2), while curves (3) and (4) are flatter due to
the increasing (decreasing) of the blockers bind-
ing (unbinding) rates ¥ (I'). Curve (2), obtained
by a fivefold increase of the number of blockers
in both bursts, follows closely curve (1), except at
the very beginning, since there is almost satura-
tion of blockers in both cases. Likewise a fivefold
increase of % or decrease of I' have almost the
same effect, i.e. a strong reduction of the protein
activation, with a slight anticipation if the effect is
due to an increase of the binding, rather than to a
decrease of the unbinding. The explicit depen-
dence on the initial location of the blockers bursts
is shown in Fig. 4.

The dependence of the peak (L) and equilib-
rium (L,,) activations on the number of injected
blockers 71 is shown in Fig. 5. In both cases the
curves are monotonically decreasing functions of
i, but saturation occurs when 7 is sufficiently
large, as predicted by Eq. (10). In fact, /,, (b,,)
becomes asymptotically equal to the number of

Tn
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300 |
250 -
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150 +

100 /

Fig. 7. Effect of T on the maximum activation time. The
vertical step marks the transition from a predominance of the
first peak to a predominance of the second one.

ligands (blockers) divided by the number of the
lattice sites (50?). In addition, Fig. 5a shows the
analytical evaluations (see Section 3.1) for L in
both cases (n = 2000 and »n = 1000).

In Fig. 6a we analyze the effect of varying the
blocker release rate I'. In all cases L reaches a
maximum and then decreases slowly in time, ex-
cept when T is very small, in which case the peak
is well pronounced. This suggests that the best
way to optimize blockers efficiency is to reduce
their release rate. Another feature in Fig. 6a
deserves further discussion. When I' increases
starting from zero, the position of the peak shifts
slowly towards longer times. However, when I is
close to 0.05, a second peak appears at a much
later time. At T =0.05004 both peaks have the
same height. By further increasing I' one notices
that the second peak becomes the dominant one,
up to when the first disappears altogether.

This effect is shown in more detail in Fig. 6b,
where for very small variations of T the first peak
is higher [curve (1)], equal [curve (2)] and finally
smaller [curve (3)] than the second one. Fig. 7
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shows the time of maximum activation as a func-
tion of the blockers release rate. This surprising
behavior can be explained in terms of lattice
diffusion dynamics. In fact, both ligands and
blockers arrive at the same time at the protein
site, but the different absorption and desorption
rates lead to a strong competition. The first peak
is reached when the concentrations of ligands and
blockers in the protein site have not yet arrived at
their maximum value and blockers, which have a
smaller release rate, prevail. Then, when the lig-
ands concentration in the protein site reaches the
maximum value, they prevail and thus cause a
second activation peak. Therefore the vertical

case 3

case |, 2

step in Fig. 7 corresponds to a region in which the
time of maximum activation is extremely sensitive
to very small changes in the blockers release rate.

Next we consider the problem of protein activa-
tion when there are ligand-absorbing decoys and,
as a result, the protein activation is reduced.
Asymptotically the activation will reach the same
equilibrium value for different initial positions of
the decoy [see Eq. (16)], but at finite times the
relative locations of the protein, decoy, and ligand
source sites are important; by inspecting Fig. 8a
one sees that the decoy is most effective when it
is close to the protein and along the line joining
the protein to the ligand. In this case, the decoy

L
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oy /

Ch
casec 3
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Fig. 8. Effect of the relative positions of a protein-like decoy with respect to the protein and ligands site: (a) on the protein
activation; (b) on the ligands concentration in the decoy. The parameters are: n =3 (except n =2 in case 2), y=0.1, ' =0.5,
vp = 0.1, T}, = 0.001, r = 5€; (c) pictorial representation of the relative positions of ligand source (cross), decoy (open circle) and

protein (full dot).
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Fig. 9. (a) Effect of a tank-like decoy on protein activation. (b) The tank-like decoy occupation. In (a) the curves represent from top
to bottom the cases of no decoy, protein-like (single occupancy) decoy, and tank-like decoys with 4 = 0.5, 0.1 and 0, respectively. In
(b) the corresponding curves appear in the opposite sequence. The relevant parameters are y= vy, = 0.1, I' = 0.5, I, = 0.001.

can efficiently shield the protein. This effect can
be appreciated more clearly in Fig. 8b, where the
decoy occupation probability is depicted. Its maxi-
mum is highest when the decoy is in between the
protein and the ligands (case 5) and lowest when
it is behind the protein (case 3). Relative posi-
tions are even more crucial in the case of irre-
versible binding.

In Fig. 9 we compare the effects of a ‘tank-like’
decoy, e.g. a decoy that satisfies Eq. (17) with T,
being constant, with those of a ‘protein-like’ de-
coy, such as described by Eq. (4) and in Section
3.2. The activation and the decoy occupation
probabilities are depicted in Fig. 9a,b, respec-
tively. From Fig. 9b we see that tank-like decoys
with a low value of the saturation coefficient %
are most efficient in reducing protein activation.

In Fig. 10 we compare the time evolution of the
activation and decoy occupation probabilities for
‘macrophage-like’ and ‘tank-like’ decoys. Curve
(1) corresponds to a tank-like decoy with a fixed
desorption rate, T}, =0.001. Curves (2) and (3)
correspond to a macrophage-like decoy, such as

described by Egs. (17) and (18), which starts re-
leasing ligands at a certain time ¢z, when the
ligand concentration reaches a fixed threshold D
[equal to 15 for curve (2) and to 25 for curve (3)].

In Fig. 11 we present an example of activation
triggered by the simultaneous occupancy of both
receptors in a M = 2 protein. Fig. 11a depicts the
no blocker case. As expected, the requirement
that a second receptor be simultaneously occu-
pied decreases the activation. It is clear from Eqgs.
(3) and (5) that the activation reduction depends
strongly on the ratio between the two desorption
rates. Thus we have the smallest activation reduc-
tion for I',=0.001 < I, =0.1. Similar conclu-
sions can also be drawn from Fig. 11b, where we
compare the effects of blocker inclusion in the
one-receptor (M =1) and two-receptor (M = 2)
activation cases.

5. Conclusions

We have presented a versatile method to study
protein activation when it is controlled by the
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binding of diffusing ligands. After deriving formu-
las that describe relatively simple situations, we
have used the numerical method to investigate
the effects of blockers and decoys on the activa-
tion rates. The examples show that our procedure
allows a detailed prediction of the influence of
competing populations in the full spatio-temporal
evolution. In particular, the spatial distribution of
the molecular sources often proves to be of para-
mount importance.

There are many applications for which our
method is well-suited. In fact, it can be used to
predict the efficiency of blockers and decoys as
activation modifiers (interspecies competition). It
can also be used to investigate intraspecies com-
petition: this would be the case, for instance, if we
consider the screening effect due to the simulta-
neous presence of many ligand-binding proteins
in a small region. It is straightforward to extend
the method presented in this paper to treat cases
in which the diffusion space is not homogeneous.
This occurs in the cell interior, where cytoskele-
ton and organelles create diffusion barriers, but it
can also happen that the membrane itself is inho-
mogeneous [22]. The complicated geometrical
constraints due to the presence of ‘corrals’ [23,24]
are easy to model by the introduction of local
changes in the corresponding master equations.
Likewise, the ease with which we can add
anisotropies to the jump rates permits the mod-
elling of ligand diffusion and binding under flow
conditions [25]. The method may also be applied
to more general situations, such as the analysis of
the relevance of flow in determining the adhesion
rate of certain cancer cells to substrates [26].
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